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Let s = o + iw be a complex variable. The analytic function F(s) is 
positive real if (a) F(s) has no singularities in u > 0, (b) F(s) is real for 
real s and (c) Re (F(s)} > 0 in o > 0. Such functions occur in the theory 
of electric networks and closely related functions occur in the theory of 
moments. A brief survey of their properties is to be found in Richards [l]. 
In this paper we seek to establish upper and lower bounds on the rate of 
growth of a positive real function. We also give a simple characterization 
of Stieltjes transforms of nondecreasing functions in terms of positive 
real functions. Much of the paper depends on the following theorem of 
Cauer [2]: 
THEOREM OF CAUER. F(s) is positive real if and only if F(s) has the 
representation 
for Re(s) > 0, where C is a nonnegative real constant and a(t) is a non- 
decreasing real function. 
BOUNDS 
A simple asymptotic bound for F(s) represented by (1) is known in 
the theory of moments, namely [3]: 
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provided s is restricted by /arg s/ < n/2 - ~5, h > 0. Hence 
Similarly 
F(s) = O(s) (s+ co). (3) 
F(s) = 0(1/s) (s--f 0) (4) 
since F(l/s) is also positive real. The values of s are restricted to the same 
sector as before. We first obtain a bound that applies for all values of s 
in Re(s) > 0. 
THEOREM 1. For any s inside the right half plane, a positive real func- 
tion F(s) satisfies 
/sI [l : B(s)] G F(1)‘ 
'F(s)i < 1st [l + B(s)! 
where 
I ___ 1 + c? 
02 
for uJ=o 
B(s) = 
’ + IsI laros21 
IP-WI b 
for 0 # 0. 
PROOF : Let F(s) be represented as in (1). Define 
G(s) = 
5 
2. 
0 
Then we have: 
IF(s)1 < bi(C + IWO < ,s, ~__ 
F(l) C + G(1) 
(5) 
64 
(7) 
In what follows we assume without loss of generality that u > 0. To 
get a bound for /G(s)/ we use a procedure similar to that of Widder 
[4, p. 3321 for Stieltjes transforms. 
From Widder’s results : 
G(s) = G(l) + (1 - ~‘1~ (s;;)t)z dt 
I 
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where 
1 
/l(t) = 
I 
3 
0 
Observing that ,8(t) is positive and nondecreasing and that 
P(4 = G(l) 
03 
= G(l)9 
we have: 
m  co 
P(4 - P(t) 
‘G(s)‘~‘s2’jb’-02+0’+40’iil’dt+o ((r2-fi)2+1)2+4rr2w2dt I 
P(t) 
0 
or 
‘G(s)’ d G(1) (1 + u2 + a”) ( tit 
o (0” - 02 + t)2 + 402 09 
for o=o 
/G(s)’ < ‘ 
G(l) (1 + ls12) cot-l a2 - w2 
2aw 2ao 
for 
(9) 
(10) 
0) # 0 
where 0 < cot-l x < ~6; from which (6) follows. The upper bound in (5) 
now follows from (8). Since l/F(s) is also positive real, the lower bound 
must hold as well. 
COROLLARY 1.1. If /arg sj < n/8, t&z 
If w # 0, Jarg SI < 4% 
‘G(s)/ < n # (1 + ‘~1~). 
(11) 
(12) 
Corres+onding bomds for F(s) follow. 
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Bounds along radial lines and lines parallel to the imaginary axis 
(in the right half plane) are easily obtained from the above. 
We next obtain an asymptotic bound for a positive real function, 
along lines parallel to the imaginary axis. As an incidental result we also 
get the known asymptotic bound for the sector larg .sI < n/2 - 6 < .-r@. 
The bounds of Theorem 1 do not yield good asymptotic results. 
'fHEOREM 1'. I,/ 
where u(t) is non&creasing, 
(13) 
G(a + Go) = o(w) as Lc)+ c-3. 
This asymptotic bound is uniform in the strip 0 < a1 < G < CJ~~ all ol, a, > 0. 
PROOF : Again w is assumed positive. By an easy extension of Widder’s 
calculations [4, p. 3321, one has: 
jW( <G(l) h( > 1’ 
Ii 
a co, t) dt + G(1) ,s,2 f&z, co, t) dt + &G(l) ,s,~(Iz(~, w, t)dt 
0 Ii 
(14) 
where 
h(a, 0, t) = l/((o2 - 02 + t)” + 402 w”) 
and E is an arbitrary positive number and R is chosen such that 
JRm &(t)/(l + f) < E. A straightforward estimation gives 
tan-la2-~2+R_tan-‘a2--2. I ~1~~~~ 
2ow saw 9 200 
(15) 
where - 7612 C tan-r x < n/L 
Now if s = (T + io where o > 0 is fixed and OJ 4 do, then R/%co - 0 
and likewise 
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(A). Since also (02 - e.9 + R) and (a2 - ~9) ultimately have the same 
sign as w ---t a, we easily get: 
F(s) I (a” + d)R 
--~~+~a~w~+(~~-~~)(u~--w~+R) G(l) 
+ ““k+; 02) (16) 
for sufficiently large cc). Since E is arbitary the rest follows. 
COROLLARY 2.1. In. the sector 
(4 G(s) = o(1) as JsJ+ 00 
Thus 
VJ) F(s) = O(s) as Is/--+ co 
PROOF: First take 
(17) 
(17a) 
The proof of the theorem carries through to the corollary with [sj in (17a) 
replacing u)-+ co, until we reach the statement (A). This should be 
modified thus : 
4~2 co2 + (02 - co2) (a2 - co2 + R) > 20~ w2 
for sufficiently large 1st in (17a). For, either 
“22~wm2 ” -2zi’ R >, 0 u2 - oJ2 or 
I I 2aw 
Since R/2ao -+ 0 + as (s 1 -+ co in (I7a), it follows that 
u2-w2 u2-m2f R 
2aw 2aw 
for sufficiently large 1.~1 in (17a). Since (a2 + 02)/2ao is bounded by 
cosec 28 or cosec n/4, (16) shows that G(s) is o(1) as s+ w in (17a). Now 
G(s) is a Laplace transform in the variable s2 [4, p. 3331; hence it is also 
o(1) as s+ w in largsl < z/4 - E, F > 0. 
The positive real functions s1 -w) where - 7~ < arg s < z and ?z 
is a positive integer, show that (17) . is a fairly close estimate for G(s). 
It seems likely that the bounds for Theorem 2 can be improved. 
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To extend the results of Theorem 1 to the derivatives of a positive 
real function we use the change of variable z = (s - sO)/uO where 
.sa = u0 + iw, CT,, > 0, and use the results of Herglotz [5] (see also 
Toeplitz [C,]) on the function F(s) - Im {F(Q)) to get: 
THEOREM 3. The function F(s) which is regular on the line s = 0 + iu,, 
where ~7 > 0 ad w0 is fixed, is positive real if and only if the matrices 
‘Zij; i, j =- 0, 1, 2,. . . , n defined by 
I 
YEz- j% - G((J + iw,) 
(i - i) ! 
i<j 
z,, = 
1 
2 Re (F(o + iq,)} i=j 
aye positive defide for all n and all c > 0. 
The semidefinite case is not applicable since poles and zeros are not 
permitted inside the right half plane. From the positiveness of the 
principal minors of order two we conclude: 
COROLLARY 3.1. If F(s) is positive real and u > 0, 
[F(“)(s)1 <$2Re{F(s)}<$2jE(s)j 
IF’(s)1 <; IF(s 
(19) 
A slightly better bound on the derivatives, without the factor 2 on 
the right side, is known [7, 81. 
The bounds of Theorem 1 and corollaries can now be immediately 
extended to the derivatives. For example: 
COROLLARY 3.2. If  F(s) is positive real, thelz along the positive real 
axis (s=u>O), 
and in general 
(b) 
IF(“)(u)/ 
F(l) 
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The Borel-Caratheodory theorem while applicable to positive real 
functions does not appear to give bounds as good as those obtained 
earlier. 
From the bounds obtained in Theorem 1 it follows that the set of 
positive real functions {F(s)/F(l)} is uniformly bounded in compact sets 
in the right half plane. Consequently the family (F(s)/F(l)} is normal and 
compact in compact sets in the right half plane, a result which can also 
be proved otherwise [9, p. 143, Prob. 3). 
STIELTJES TRANSFORM REPRESENTATIONS 
We first define a subclass of positive real functions and give a general 
representation theorem for Stieltjes transforms of nondecreasing functions. 
The class PRS is the set of functions F(s) such that sF(s2) is positive 
real. 
THEOREM 4 (Representation theorem). The fulzctiolz F(s) is re#re- 
sentable as a Stieltjes transform 
m  
F(s) = z I 
0 
(21) 
for all s not on the negative real axis, with u(t) real and norzdecreasilzg, if 
and only if F(s) E PRS and 
lim F(o) = 0. (22) 
cY3co 
PROOF: Let I;(s) E PRS and lim,,, F(u) - 0. Then p(s) = SF(~) 
is positive real and so has the Cauer representation 
m  
(W4 > 0) 
where C > 0 and u(t) is real and nondecreasing. Hence 
m  
0 
(23) 
(24) 
for Re(s2) > 0 and hence for all s not on the negative real axis. Since a 
Stieltjes transform is o(1) as o-+ 00 [4. p. 3311, 
lim F(u) = C = 0 by hypothesis. CW 
O-+00 
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Conversely, if the integral (21) converges with a(t) nondecreasing, 
-1 
Q)(s) = SF(G) = s gy; 
I 
(26) 
0 
is positive real by Cauer’s result. That (22) holds, again follows since a 
Stieltjes transform is o(1) as s ---f 00 along the positive real axis. 
(‘OROLLARY 4.1. If F(s) E PRS, F(s) is itself $ositiz~e veal. 
This result follows immediately from Eq. (24). 
COROLLARY 4.2. F(s) E PRS if and only ;/ 
(27) 
where C is nonnegative and a(t) is nondecreasing, for all s not OIZ the negative 
real axis. 
This corollary is to be compared with Theorem 18b of Widder 
14, p. 366). 
COROLLARY 4.3. F(s) E PRS if and only if 
5 
F(s) = C + 
I 
e-““f(t) dt (Re(s) > 0) (2X) 
o+ 
where f(t) is completely moflotokc [(- l)f(“)(t) > 0] in 0 < t < 00 and C 
is a nonnegative constant [4, pp. 160, 334]. 
We turn next to the properties of the class PRS. Regarding the 
cardinality of the class, we note that to every positive real function v(s) 
there corresponds a function F(s) in the class PRS, where F(s) = (1Vs)v(l/S) 
where V-. s IS positive on the positive real axis. The next two theorems give 
some properties of the class PRS. 
THEOREM 5. If F,(s) and F2(s) are in PRS, then so are. 
1 F,(s) . F,(s) F,(s) + I;&) 
F1(s) + F2%Fl(s) ’ F,(s) + F,(s) ’ - SF,(S) F,(s) . 
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PROOF: The first result is trivial. For the second, let : 
Then (29) 
1 
sy(s2) = __ 
SFl(S2) 
F,(s) E PRS and so sFi(s2) is positive real. Hence so is s#) positive real. 
Thus p(s) E PRS. The other two parts follow similarly. 
THEOREM 6. If E;(s) and F,(s) E PRS, tkelz 
F(s) = F,(W2(4 
is positive real. 
PROOF: For any positive real function y(s) we have [I]: 
/args/ <G implies (argv(s)/ ,< largs( 
(30) 
(31) 
Thus if Fr(s), F,(s) E PRS, and larg si < n/4, we have 
arg $iIz2i 7 d jarg sF,(s2) / + /argsF,(ss) 1. (32) 
Hence, if /args( < n/2, 
Since further F,(s) and F,(s) are real on the real axis and are analytic 
and nonzero in the right half plane, the function F,(s),/F,(s) is positive real. 
We turn next to the characterization of the rational subclass of the 
class PRS. The properties listed in Theorems 4 and 5 are recognized as 
properties of driving point impedance functions of RC networks. In fact 
we shall show that the rational subclass of PRS is precisely the set of RC 
impedances. We define the class of RC impedances and the related class 
of reactance functions (respectively) as follows. 
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The positive real function F(s) belongs to the class PRac if F(s) is 
rational, all poles of F(s) are on the finite nonpositive real axis (including 
s = 0 but not s = a), all of them are simple and with real positive 
residues. 
The class PRI is the set of all rational positive real functions such that 
Ke {F(io)} ZE 0. 
The class PRI is also the set of all odd rational positive real functions. 
It is known that F(s) E PRac if and only if sF(s*) E PRI ilO]. 
.I‘HEOREI\I 7. F(s) E PRa, if and only if F(s) E PRS and F(s) is rational. 
PROOF: The necessity is known. For the sufficiency we observe that 
slg(s2) is an odd rational positive real function since F(s) E PRS and F(s) 
is rational. Hence SF(G) E PRI or F(s) E PRac. 
COROLL;\RY 7.1. If 
x2 
’ da(t) F(s) = c + -@ 
I 
b 
(34) 
where C > 0 and a(t) is real nondecreasing, then F(s) is rational if and 
only if a(t) is a step fuunctiolz with a finite number of (finite) &continuities. 
The sufficiency is obvious and the necessity follows from the unique- 
ness of the representation (34). The discontinuities occur at t = - CT, 
where ui is a pole of F(s) and the discontinuity is equal to the residue of 
I;(s) at oi. (The usual normalizations are understood.) 
'I‘HEoREM 8. If 
F(s) = $$+c (C>O) 
0 
(35) 
where a(t) is nondecreasing, the% arty pole of F(s) is on the finite nonpositive 
real axis, is simple and the residue at such a pole is real and positive. Any 
zero of F(s) is also OIZ the negative real axis (in&ding s = OL, but not s = 0) 
and dF(s)/ds at such a zero is real and negative (thzcs the zero is simple). 
PROOF: This is a known result for PRuc functions. Since a Stieltjes 
transform is analytic except on the negative real axis and is o(1) as s-b 00 
along the positive real axis, any pole of F(s) is on the finite nonpositive 
real axis. If F(s) has a pole at - u,,, o, >, 0, then sF(s2) has poles at 
& q/o,. Since SF(G) is positive real, the poles at s = & iv< are simple 
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and the residues are real and positive [7], and therefore also equal. The 
corresponding principal parts give, on addition : 
(36) 
Therefore the corresponding principal part of F(s) at - a, is 
2a/(s + o,,) which proves the first part. The second part now follows 
since [~/SF(S)] E PRS also. 
THEOREM 9. Every function representable as 
(37) 
where u(t) is of bounded variation in every finite interval, is the difference 
of two functions of the class PRS. Hence F(s) cannot have a zero at 00 or 
a pole or .zero at the origin of order greater than one. All poles of F(s) are 
simple. 
COROLLARY 9.1. If F(s) has the representation (37) with u(t) of bounded 
variation in every finite interval and if F(s) is rational, then it is of the form: 
n 
F(s) = 2 2;; bk 2- 0) 
k=l 
(38) 
Further, a(t) is a step jzlnction with discontinuities ak at t = ok. 
REMARKS ON UNIVALENCE 
It follows from the results of Thale [ll] and Merkes (121 that PRS 
functions are simple in the right half plane (a > 0). This result can also 
be established directly as follows, Consider a circle, centre 0s > 0 and 
radius R < a,. Since for F(s) E PRS, Im {F(s)} < 0 in w > 0 and 
Im {F(s)} > 0 m w < 0, it suffices to consider the upper semicircle. For 
points on this semicircle 
And 
s = q, + R eie, 0 < e < rc, R < 0,. 
Re(F(s)} = 
oo + R COS e + t 
-da(t) + C. (39) $2 + R2 + t2 + 20a t + ZR(o,, + t) cos e 
0 
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The partial derivative of the integrated function with respect to 0 is 
positi\:e for 0 < 13 < X. Thus Re {F(oa + Re”)j is a strictly increasing 
function of 0. Hence F(s) is simple on the circle and hence also inside. 
-4s a special case we have that PRuc functions and hence their reciprocals 
(the RL impedance functions) are simple. 
Merkes ‘Ll2.j has also shown that PRS functions are typically real 
(i.e., real only on the real axis). The results of Merkes are also applicable 
to general positive real functions, through the Cauer representation. If 
where P(t) is nondecreasing and /I(l) - p(O) = 1, Merkes has shown 
that v(c) is simple in Re(c} > - 1. Further (from the results of 
Rogosinski [13: 
(41) 
has a positive real part for all 5 not on the negative real axis from - co 
to - 1. On using the changes of variables c = s2 - 2, r = l/(1 + t) 
and defining : 
(42) 
the integral expression for Q(c) becomes the Cauer integral. Thus: 
THEOREM 10. I f  a positive real function admits the representation (1) 
uith C = 0, then [(s2 - l)/s]F(s) is simple in u > 0. 
On the other hand, from the simplicity of PRS functions in the right 
half plane, we conclude: 
THEOREM 11. I f  F(s) is an arbitrary positive real function, F(s)/s is 
simple in the region larg s! < n/4 amless F(s) E ks, k a real positizre constalzt. 
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